For every integer p > 0 let f (p) be the minimum possible value of the maximum weight of a cut in an integer weighted graph with total weight p. It is shown that for every large n and every 
Introduction
All graphs in this paper contain no loops. For a simple graph G = (V, E), let f (G) denote the maximum number of edges in a bipartite subgraph of G. For every p > 0, let g(p) denote the minimum value of f (G), as G ranges over all simple graphs with p edges. Thus, g(p) is the largest integer such that any simple graph with p edges contains a bipartite subgraph with at least g(p)
edges. There are several papers providing bounds for g(p), see, e.g, [1] - [5] . Edwards [2] , [3] proved that for every p g(p) ≥ p 2 + −1 + √ 8·p + 1 8 .
Equality holds for all complete graphs. Alon [1] showed that there is a positive constant C so that
for all p. He also proved that there is a positive constant c and infinitely many positive integers p
We raise the following conjecture: If Conjecture 1.1 is true then given p, we can construct an extremal graph G = (V, E) with p edges for which f (G) = g(p) as follows. Let n 1 be the greatest integer such that 2 . For every 1 ≤ i < k let G i be the complete graph on n i vertices. Let G k be an arbitrary simple graph on n k + 1 vertices with p k−1 edges. If Conjecture 1.1 is true, then an extremal graph G is obtained by taking the disjoint union of G 1 , G 2 , . . . , G k .
An integer weighted graph is a graph G = (V, E) in which each edge has a (not necessary positive) integral weight. For an integer weighted graph G = (V, E), let f (G) denote the maximum total weight in a bipartite subgraph of G. For every p > 0, let f (p) denote the minimum value of f (G), as G ranges over all integer weighted graphs with total weight p. Thus, f (p) is the largest integer such that any integer weighted graph with total weight p contains a bipartite subgraph with total weight no less than f (p). The following conjecture is stronger than Conjecture 1.1: Conjecture 1.2 for every n and for every 0 ≤ m < n f (
If Conjecture 1.2 is true then so is Conjecture 1.1 and this implies that f (p) = g(p) for every p > 0. Therefore, we consider the function f here and prove the following theorem: Theorem 1.3 Let G = (V, E) be an integer weighted graph with total weight
In Section 2 we give an outline of the proof of Theorem 1.3, and Section 3 describes the complete proof of the theorem.
An Outline of the Proof
It is obvious that f ( 2 , f (m)) because we can construct integer weighted graphs implying the inequality. Thus it suffices to prove the first part of the theorem, i.e, to prove that given an integer weighted graph G = (V, E) with weight function w and with total weight To do so, we first observe that nonpositive weighted edges can be contracted, and therefore we can assume that |V | ≤ n and that for every u, v ∈ V , w(u, v) > 0. Next we show in Corollary 3.2 and Lemma 3.3 that there is a small set U ⊆ V such that for every u, v ∈ V \ U we have w(u, v) = 1.
We view the graph G as a complete graph with another graph on top of it (the multiple edges), where every vertex of U represents a set of vertices in this virtual graph which are forced to be in the same side in every bipartite graph that we take, while every vertex of V \ U represents one vertex in the virtual graph. If v i ∈ U and the average weight of the edges (v,
We next show (see Lemma 3.6) that in this way the number of represented vertices is at least n, since otherwise the total weight of the edges is less then n 2 + m, contradicting the assumption.
Next, it is shown that there are two possible cases. The first is that most of the vertices behave as we view them, i.e for most of the vertices of V \ U the weight of the edges between them and a vertex of U is the average weight of the edges between that vertex and V \ U . In this case, it is shown in Corollary 3.9 that the number of represented vertices is at most n and thus is exactly n. We take the graph which is 'on top' of the complete graph and find a large weighted bipartite subgraph in this graph and then we add the vertices which are not in this graph and get, using the induction hypothesis, a bipartite subgraph with sufficiently large total weight.
In the second case (see Lemma 3.7 and Lemma 3.8) it is shown that w(U, V \ U ) is very large.
In this case we take the n 2 vertices of V \ U connected to U by the heaviest edges and put them in one side and all the other vertices in the other side. As a result of the fact that the total weight w(U, V \ U ) of edges between U and V \ U is very large, we get a bipartite subgraph of sufficiently large weight.
The proof of the main Theorem
We start with some definitions. Let G = (V, E) be an integer weighted graph with weight function w : E → Z. Let r be defined by the following equation:
It is easy and known (see [1] ) that g(m) ≤ U or W are singletons we write the vertex they contain instead of the corresponding sets. Define a multimatching M of G to be a partition of the vertices of G into pairs except for maybe one vertex if |V | is odd. If v, u ∈ V and (v, u) ∈ M we say that v is matched with u by M . The value of the multimatching M is defined to be :
A maximum multimatching is a multimatching of maximum value.
It is obvious that
because we can actually construct integer weighted graphs implying the inequality. Therefore it suffices to prove that given an integer weighted graph G = (V, E) with weight function w and with total weight
Assume G has total weight
. We assume that for every v, u ∈ V w(v, u) > 0, since otherwise we could define a new graph G by contracting the vertices v, u into one vertex v, thus getting that the total weight of G is not less than the total weight of G. We can reduce weight from G to get a graph G with total weight equal to that of G and with
. Thus, we assume without loss of generality that G is a multigraph such that any two vertices of G are connected by at least one edge. In such a multigraph with p edges it is known (see 
).
Proof: First, assume that |V | is even. Let (u 1 , w 1 ), . . . , (u l , w l ) be the pairs in the multimatching M , where l = |V | 2 . for every i = j we have
because of the maximality of |M |. So, if we sum up over all 1 ≤ i ≤ j ≤ 2 · t we have
If |V | is odd we can add a vertex u to V and add an edge (u, v) for every v ∈ V . So, by the first part of the lemma, the number of edges 2 Let M be a maximum multimatching in G. We next prove two simple bounds on the value of M .
Corollary 3.2 |M | ≥ k.
Proof: By Lemma 3.1 we have:
Proof: Assume |M | > k+r 2 . If we take the pairs of M in a greedy way we get:
By Corollary 3.2 and Lemma 3.3 we have the following corollary: Proof: Without loss of generality,
A 2 = {v n−k−p , . . . , v n−k }. Let B 1 = A 1 and B 2 = A 2 ∪ {v i } and add v j to B 1 or to B 2 with equal probability. Now, the expected value of w(B 1 , B 2 ) is:
As A 1 , A 2 ⊆ V \ U , the subgraph of G induced on A 1 ∪ A 2 is a complete graph on 2·p + 2 vertices.
. Therefore, the expected value of w(B 1 , B 2 ) is:
. Now, if the lemma was false then we have
If we continue to join in a greedy way the other pairs of M trying to maximize the weight in the cut we get a bipartite graph of size at least
also,
By the definition of d i and h i we know that
It is easy to see that by Lemma 3.5 we have
By the last inequality and by equations (1) and (2) we get that
If k = 2 then the last expression attains its maximum value which is
The last inequality follows from the fact that n is large enough, m < n and
Proof: Assume the opposite, i.e k > a √ 2
. By Lemma 3.1 we have w(U )
. Hence,
As a ≥ k and t ≤ k+a 2 we get that
Combining with the last inequality we get:
then it follows that
Without loss of generality,
, and then
Otherwise, for every
. Thus, by this observation and inequality (3) we get:
Proof: For every 1 ≤ i ≤ 2·t let u i be the matched vertex of v i . Using Lemma 3.5 we get:
As a result of this and the fact that |M | = k+a 2 and t ≤ |M | we have:
By Lemma 3.7 and by inequality (3) we get that k + 2 · t + ) which is at most n 2 , (since n is sufficiently large). 2
As a result of the lemma we have the following corollary:
Proposition 4.1 For every sufficiently large n and for all s satisfying .
It would be nice to prove Conjecture 1.1 and Conjecture 1.2 for all n.
Another fact which is a consequence of the proof of Theorem 1.3 is that if we define a function h(p) as we did for g and f , but where the minimum is taken over all multigraphs, then by the observation in the beginning of the proof of Theorem 1.3 we get that g(p) = h(p) for every p ≥ 1.
